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MATHEMATICAL MODELING OF CONTINUOUS DYNAMIC SYSTEMS

Harold H. Klee, Ph.0.. P.E.
University of Central Florida
Box 25uoo
Orlando, FL 32816
Abstract.
Mathematical models of physical systems assume several forms depending on
their intended use. This paper illustrates the use of a nonlinear and linear model to
describe the dynamic response of a particular physical system.
A block oriented
simulation program, TUTSIM. is presented as the vehicle for obtaining approximate
solutions of the nonlinear model.
Analytical solution of the small siynal linear
model is compared to the nonlinear simulation results.
Keywords.

Cqntinuous simulation; dynamic systems; system modeliny.

INTKOOUCTIUN
Understanding the behavior of complex engineering
systems is a prerequisite to approach optimality
(in some
sense)
in both
system
design
and
operation.
One
approach
to
acquiring
the
necessary knowledye of system behavior is through
the use of mathematical
models.
A voluminous
number of articles
appear
in the literature
detailing individual case studies of modeling a
wide spectrum ot physical processes (1). Numerous
texts devoted entirely or in part to mathematical
modeling are available (2,3,4,5,6,7).
The
mathematical
modeling
and
design
of
engineering systems is the subject matter in a new
course of the same name (Modeling and Design of
Engineering
Systems) offered
by the Computer
Engineering
Uepartment
at
the
University
of
Central Florida.
Attention
is focused on the
development of mathematical models of physical
processes including those contained in the College
of Engineering's Systans and Control ,Lab.
The
dvoil.blr
SjSt.dllS S&l,d" several
enyineering
disciplines,
e.y.
level
cunrrul,
temperature
control systems, mechanical vibration systems and
a d.c. motor speed control system.

FIG.

Several types of models are applicable for the
same system.
The extent to which the system is
being analyzed yenerally dictates the level of
sophistication
of the resulting model.
For
example,
consider
tne
level
control
system
depicted in Fig. 1 which is one of the physical
processes in the lab (8). A nonlinear and linear
dynamic model describing
the behavior of this
Each model, i.e. system
system is presented.
is then analyzed with the help of
equations,
computers to reveal insight into the response of
the actual system.

1 Schematic Presentation
of Level Control
System

also accepts an air signal set point pressure,
P.
When the fluid level resides at the desired
SCt point level H , the tank pressure P and set
point Pressure P squalize and the error, measured
in either level sH = H, - H or pressure ep = p, P is zero.
that tend to
Uisturbances
or load variables
disrupt the fluid level are the position. 8.
manually
openiny
of
a
percent
measured
in
adJustable valve in the discharge line and the
supply pressure of the fluid, P . The load Valve
position detemines the effectiJ)e fluid resistance
in the line, and in combination with the fluid
level influences the outflow, F . The inflow. F
is a function of the valve presgure P coming frd'
m
the controller as well as the pressure! drop across
the control valve, PO - P.

SYSTEM UESCKIPTIUN
Before delving into the individual models. a brief
description of this system is in order. Referring
to Fiy. 1, the level, H, in a sealed tank is
controlled by reyulatiny the inflow, Fi, through a
pneumatically operated control valve. The tank is
initially uncharged, i.e. zero gauge pressure when
empty and the tank pressure, P, is uniquely
By virtue of this
related to the fluid level.
relationship between P and H, the tank pressure
serves as an indication of the actual fluid level
and is fed b'ack to a pneumatic controller which

First, it
The controller serves two functions.
compares the pressures P and P, and secondly, it
adjusts its output presstre P according to some
control alyorithm when the twoVinput pressures are
If the controller is effectively
ditferent.
algorithm
parameters are
tuned,
i.e. control
chosen properly, the flow in Fi will change in the
460
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appropriate direction
deviation, H, - H.

necessary

to

reduce
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the

The control system operates in two basic modes.
In the servo mode of operation,
the set point
level H is varied (usually in a step fashion) and
the sys\em attemps to force the fluid level H to
The load variables are assumed
follow HS.
In the regulator mode, the control
constant.
system attemps to maintain the level at the set
point value (which is fixed) in the face of load
disturbances, i.e. changes in B and PO.
Nonlinear Dynamic Model
The first model of control system behavior can be
This
described
as a nonlinear dynamic model.
accurate
complete
and
the
model
is
most
The equations are
description
of the system.
based on physical laws and descriptions of the
system components and their physical layout.
coupled
consists
of
this
model
Typically.
nonlinear algebraic and differential equations in
certain
constraints
on
addition
to
simple
Analytical solutions are generally
variables.
and
some
form
of
numerical
impossible to obtain,
simulation routine must be employed to solve the
equations for approximate solutions of the system
variables as functions of time (g,lO).

FIG. 2 Block Oiagram of
Control System
conditions
(used
conditions.
desiyn
Input
throughout) are H = 60 in, P = 100 psi and 0 =
Both servos and regulator operation were
SD%.
investigated for step changes (at time to) in the
appropriate inputs. That is
Servo *ration:

PO(t) =

In the level control system being considered, the
dynamic model equations are
P,(t) = 14.7 Hs(t)

(1)
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The system equations were solved by using
computer simulation program called TUTSIM (II;.
Developed especially for analysis of continuous
dynamic systems, TUTSIM enables the user to
simulate virtually any system directly from the
nonlinear algebraic and differential equations of
the system. The equations are transformed into a
block diagram representation of the system which
is then
conveyed
to TUTSIM
according
to a
prescribed format.

where the physical parameters are
HT: Tank Height
A : Tank Area
C . Control Valve Flow Coefficient
Control Valve Equal Percentage
K":
Constant
C : Load Valve Flow Coefficient
0
p : Fluid Mass Density
ll: Fluid Weight Density
and the control algorithm parameters are
Kc: Controller Gain
T * Reset Time
TLl Derivative Time
is the initial pressure to the valve
Finally, P
when the system is at design conditions with zero
error.
Additionally, there are constraints on
controller output P
and control valve opening
(the exponential ter& in Eq. 4).
The controller
output ranges from zero to the regulated air
supply pressure, assumed to be 20 psiy. The valve
opening varies from approximately zero when P = 3
A simple ilock
psig to one,when P
= 15 psiy.
diagram representatyon of the control system is
shown in Fig. 2.
The system inputs H (t), P (t)
and G(t) must be specified
in addityon to'the
system parameters in order to define the simulated

Unlike some other continuous system simulation
programs, the equations do not have to be in a
special form, usually a system of first order
differential equations or so called state variable
form.
A portion of the block diagram for the
level control system equations (1) thru (7) and
constraint on valve pressure is shown in Fig. 3..

FIG. 3 Portion of TUTSIM
Simulation Block Diagram
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Graphical output of the TUTSIM simulation is shown
in Fig.4 for servo
control. The true value of
TUTSIM is as a design tool, e.g. rerunniny the
simulation with different parameter values to
achieve a certain measure of performance..- For
example, the effect of varying the controller gain
K
on the system response in theservo mode is
dhonstrated
in Fiy.5.
The interactive nature of
TUTSIM greatly facilitates the problem of system
design.
In essence, the system design evolves
thru analysis as opposed to synthesizing it based
on predetermined objectives and criteria.

I
I

1

AP(t1 -

;;//.:..I

P(t) = I +

14.7 HT [Ii(t)-a]

(IO)

-2
ciT-H)
Equations (1). (4) and (7) are linearized in the
same manner and the resulting equations, Eqs. (ll)(17)

constitute a linearized dynamic model.

AP,(t) = KtAHs(t)

(11)

Ae(t) =AP,(t, -AP(t)

(12)

AP,(t) = Kc be(t)

+ +jAeWdt

AFi(t) = KvhPv(t) + C:bPJt'
AP(t)

FIG. 4 Fluid Level Response to
Step Chanye in Set Point

(9)

Equivalently,

,
1

n

14.7 I.$AH(t)
-2
mT-H)

+ Td $;e(tl]

(13)

-APW]

(14)

= KtAW

(15)

PA $AH(t) = AFi(t) - AFJt,
dt

(16)

AFJt)

(17)

= rgAe(t, + (1(+ Kt) %AHW

The, Constants K\,, Kv. KG, Cl and C2 are the
ordinary and par la1 derivatives in the nonlinear
WatiOnS

at the design Conditions.

Waluated

For example,

Kt=wd

P tE ) = d P(g) = 14.7 I.$
5

s

Kv = 4_ Fi(%,%,%
apv

5

&

(18)

-2
(Hz-H)

1

= CvK exp K(?v-15) lFo-+z
12

[

12

(19)

Fig. 6 shows the nonlinear relation, Eq. (4), and
the linearized approximation, Eq. (14), about a
The pressure drop across
given operating point.
and P at design
the value is constant with P
Clearly,
the
lineapized equation is a
conditions.
valid approximation for suitably small deviations
about the design operating point.

FIG. 5 Sensitivity of Fluid Level
Step Response to Controller
Gain

Linearized Dynamic Model
The second model of control system behavior is
classified
as
a
linearized
dynamic
model.
Linearized models are required in order to apply
the techniques and concepts covered in a (f;'2','t
Theorv
.
course
in
Linear
Control
equatibns . are
nonlinear
Essentially,
the
linearized
using Taylor
Series
approximations
about some steady-state operating point or desiyn
condition.
For example, consider Eq. (5) in the
Linearization of this relation
nonlinear model.
is accomplished as follows.
AP(t) = -d 14.M
dH %-H
II
wherebH(t)

1

(8)

AH(t)
H=ii

= H(t) - g

the deviations about the

and AP(t)

= P(t) - 'P are

operating point

(n,$irj

Evaluating the derivative at the operating point,

FIti. 6 Tank Inflow vs. Valve Pressure

For small deviations from design conditions, the
linearized model can be used to analyze the
control system response to changes in either set
P (t) and
G(t).
The
H (t), or loads,
point,
linearized'algebraic
and differential equations
can be solved analytically. or simulated using
Analytical solutions were obtained by
TUTSIM.
first combining Eqs. (11) thru (17) yielding a
second order differential equation for the change
in level AH(t).

CORTIWOUS
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(PA + KcK,,KtTd)d2AH(t) +[f'C2 + (C1+C2+KcK,,Kt]d AH(t)

+

7
dt

vvt
L-1

dt

K K d AH (t)
AH(t) = KcKvKtTd d2 AH*(t) + KC"t&-s
-2
dt

Tr

+ KcKvKtAH,(t)
L-1Tr

+ Cl cJAPo(t,- Ke: Ae(t,
dt
dt

(20)

Once the initial conditions are determined, the
differential
equation
is
solved
by
Laplace
Transforms yielding the step response of the
control system to changes in either set point or
load variables.
With P-I or P-I-D control, the
overall system is second order and the response
can be either under or overdamped.
The damping
ratio depends on both the physical system and
control parameters.
In other words, for the
identical control
settings K
T
and T
the
system can exhibit
both osctilatrory an8 non
oscillatory behavior depending on the steady-state
operating point conditions.
Indeed the system can
be markedly unstable at one operating point and
heavily damped at another without changing the
control parameters.
The analytical
solutions
for AH(t)
and the
remaining dependent variables are too complex for
presentation here because of all the parameters
involved.
These solutions have been evaluated
using a digital computer. A graph of system servo
response to a step chanye under P-I control is
shown in Fiy.7.
For purposes of comparison, the
nonlinear model simulation using TUTSIM was run
under identical conditions.
Fiy. 8 shows the
level H(t) from the linear and nonlinear models
corresponding to the servo and control situation.
Fiy. 6 clearly demonstrates the error
involved by using a linear approximation for the
flow thru an equal percentage
valve when the
pressure
the
valve)
variations
are
(to
significant.
The nonlinear model
simulation
provides an excellent check on the linearized
model. Unfortunately, linearized models are often
used when signal variations are too large for the
linear approximations to be valid. In the absence
of a nonlinear model, it is extremely difficult to
quantify the limitations of the linear model.

.

rum

Wm.

I

FIG. 8 A Comparison of Linear and
Nonlinear Model Fluid Level
Step Responses

SUMMARY AND CONCLUSIONS
System modeling is an effective tool for analyzing
physical
real
world
many
behavior
of
the
processes. Several types of models can be used to
describe a system. There are distinct advantages
the
various
limitations
to
well
as
as
The systems analyst
classifications of models.
must be aware of these model attributes in order
to make a judicious choice of the type selected
for a particular application.
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